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Abstract 

We extend the representations of finite-dimensional Lie algebra by derivations of 
the completed symmetric algebra of its dual to the derivations of a bigger algebra 
which includes the exterior algebra on the Lie algebra. This enables a construction 
of a twisted version of the exterior differential calculus with the enveloping algebra 
in the role of the coordinate algebra. In this twisted version, the commutators 
between noncommutative differentials and coordinates are formal power series in 
partial derivatives. The square of the corresponding exterior derivative is zero like 
in the classical case, but the Leibniz rule is deformed. 
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1 Introduction 



1.1. Viewing the enveloping algebras of Lie algebras as deformations of sym- 
metric algebras in our earlier article with S. Meljanac [5j we have also de- 
formed the (completed) Weyl algebra of differential operators, found deformed 
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analogues of partial derivatives, and studied the deformations of Leibniz rules, 
all parametrized by certain datum which comes in many disguises as "order- 
ings", "representations by (co) derivations", "realizations by vector fields" and 
"coalgebra isomorphisms between S(g) and U(g)" (cf. also [THo] and [I], Chap. 
10). In the present article I will extend that picture to consistently include the 
exterior calculus in a unique way, given the datum mentioned above. 



1.2. We fix an n-dimensional Lie algebra g over a field k of characteristic 
zero, with basis Xi,...,x n , considered also as the generators of its univer- 
sal enveloping algebra U(g) and with the structure constants C-j satisfying 
[xj,:^] = C-jX s . The antipode of U(g) will be denoted 7. To distinguish the 
elements of g in the symmetric algebra S(g), we denote them differently, by 
Xx,...,x n to emphasise that Xi-s commute, while Xi-s (in U(g)) do not. The 
dual basis of g* is denoted by d 1 , . . . , d n . Throughout the article we fix a ho- 
momorphism of Lie algebra <fi : g — > Der(S l (fl*)), or equivalently its extension 
to a Hopf action <p : U(g) — > End(5'(g*)). We require that the n x n matrix 
oevr S(g*) whose (2, j)-th entry is <pl := (p{—Xi){d^) whose entries are formal 
power series, is invertible and even "close to the identity" symbolically written 
0i = H ~^~0(d), and meaning that the image of the matrix (0*) under the 'eval- 
uation at map ', that is under the projection S(g*) -> S(g*)/US n>0 (g*) = k, 
is the unit matrix. It is an easy fact ([5]) that the data for the map are equiv- 
alent to giving only the matrix = which satisfies the formal differential 
equation 

^•^y(^) - = c "d- (!) 

On the other hand, the datum </> is equivalent to a coalgebra isomorphism £ = 
£<f> '■ S(g) — > U(g) (example: the symmetrization or coexponential map) which 
equals the identity when restricted to k(Bg C S(g). This isomorphism enables 
us to transport the linear operators from S(g) to U(a), and the images of the 
partial derivatives d 1 are the deformed derivatives d 1 = (d 1 ►) := £ o d % o 
satisfying the deformed Leibniz rules studied in This rule extends to a 
Hopf action ► of S(g) on U(g). The left Hopf action : C/( fl ) -> End(5(g*)) 
and the corresponding right Hopf action 7 o (where 7 : {7(g) — » ?7(g) op 
is the antipode) induce the left and right smash product algebra structures 
S(g*W(g) = U(g)$S{g*) on the tensor products S{q*)®U{q) = U{s)®S{g*). 
It appears that the correspondence Xi 1— >■ Y^=i Xj&l, &* l— > & entends uniquely 
to an isomorphism of algebras from the "0-twisted Weyl algebra" U(g)\\S(g*) 
to the n-th (semi) completed classical Weyl algebra A n ^ whose underlying 
vector space is identified with S(g) <S> S(q); the inverse of that map is ensured 
by the invertibility of the matrix <p = (4>l). We can also take another point 
of view: S(g*) = S(g)* can be considered as a topological Hopf algebra in 
pairing with U(g) via (u,P)<t, = P(£^ 1 (m))(0) where u G U(g) and P G S*(g) 
(considered as a differential operator - the evaluation at zero identifies the 
differential operators with functionals). This pairing is made Hopf pairing by 
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force: introducing the deformed 'dual' topological coproduct on S(g) (agreeing 
with our "deformed Leibniz rules"). Then the action ► above satisfies (in 
Sweedler notation) P ► u = M (2))</> M (i)- The smash product algebra for 
such an action coming from a Hopf pairing is called a Heisenberg double. 
Thus we have a Heisenberg double S($*)$p.U(%) for that left Hopf action of 
topological Hopf algebra S(g*) on U(g) which is canonically isomorphic (via 
tautological map) to the algebra S(g*)$U(g) above, but interpreted as a smash 
product algebra for the right Hopf action of the Hopf algebra U(g) on S(g*). 



2 The twisted algebra of differential forms 

In our constructions it will be useful to distinguish notationally the generators 
of two different copies of the classical exterior algebra A*(g): in the first by 
dx 1 , . . . , dx n and in the second by dx±, . . . , dx n . Both bases correspond to 
X!,...,x n under g <^-> A*(g). 

2.1. Theorem. Any Lie homomorphism <fi : g — > Der(S*(g*)) uniquely extends 
to a Lie homomorphism <p : g — ► Der(A*(g) <g> S(g*)) satisfying 

n ( d \ 

= E_ dx^t \mr)ti) ( 2 ) 

Consequently, there is a further extension to a Hopf action 

0:f/( )^End fc (A*(g)®5(g*)). 
In particular the left and right smash product algebras 

^(s)M A *(0) ® ^(0)) - ( A *(0) ® ^(0))tt^(0) 

; are well-defined. These two algebras are canonically isomorphic by the bijec- 
tivity of the antipode 7 and we will call them the extended algebra of cf> -twisted 
differential forms ('extended' for the presence of partial derivatives in the al- 
gebra). In this algebra, 4>{^u){lo) — [. . . [u,Xi] . . .x n ] for uj e A*(g) ® S(g*) 
and u — x\ . . . x n e U(g) . 

Proof. Every derivation of S(g*) is continuous ([3]); the same statement holds 
for A*(g) ® S(g*); also the restriction to S(g*) satisfies the chain rule. We 
need to prove 4>(xi)(ft(xj) — 4>{xj)4>{xi) — Y J kCij4>{ x k) = 0. Regarding that 
the restrictions of 4>{xi) and 0(x») to S{g) agree, it is sufficient to show when 
applying on the generators dxi of S(g). To calculate <f>(xi)(j>(xj)(dxi) notice 
that <p(xj)(dxi) is a sum of products of four terms: dxu and 3 terms involving 
<ft, so that the application of the Leibniz rule will give 4 different summands. 
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Thus 



4>{xi)4>{xj){dxi) - ^(xj)4>(xi)(dxi) -Y,k C ij4>(xk){dZi) = 

= dx c {r l ) c d (am^i) (amW) «-(»'<-> h 

+dx c (4^(0- 1 ), c ) % (g^tf) J) 

+dx c {<p- l )l (am<f>f) (wn<f>l) -(*"<- j) 



'ij^c\Y ) a \dW)^l J 

The first two rows on the right hand side cancel by the rule for the derivative 
of a matrix, the third is zero by symmetry under (i <-> j), and the last two 
rows cancel by ([1]). We also need to check that the extension by Leibniz rules 
to higher exterior powers is consistent with the antisymmetry relations: 

(f>(Xi)(dx r dx s ) = dXkdXs^- 1 )^ (j^&r^j <t>\ + dXrdXk^- 1 )* (g^^s) <f>i, 

and the right-hand side is evidently antisymmetric in (r <-> s). 

2.2. Proposition. The extended algebra of twisted differential forms 

is generated by the 3n symbols dx i; X{ and d\ for i — 1, . . . ,n, subject to the 
relations 



[sti, Xj] = Cf,jX k , [d\ d j ] = 0, [d j , Xi 

[d j , dxi] = 0, [dx h Xj] = dx.^- 1 )* (^fiy0-) 4>). 



(3) 



2.3. Theorem. If <p = (0*) is close to the identity, the correspondence 

Xi I— > V^^f, d l t— > d l , dxi I— > dxjfil 
j j 

extends uniquely to an isomorphism 

U( d n i0(j) (A*(g) ® S(q*)) — A*( ) ® A n>h . (4) 

Here we use the convention that on the left hand side the generators of 
A* (g) are dxi and on the right hand side dxf, this ensure that when we use 
the isomorphism as the identification no confusion happens (regarding that it 
does not send dxi to dx^). 
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2.3.1. Sometimes it is also good to take the point of view of the intermediate 
algebra A*(g) <g> (U(g)$S(g*)) which is also isomorphic to A*(g) <S> A n ,k'- here 
the generators of A*(g) are also dxi and the isomorphism on U(g)$S(g*) is 
x i J2k x k ( t )k j and <9* t— > d\ 

2.3.2. As in [5J, we denote the composition U(g) ^ U(g)0(g*) = A n ^ k by 
()^. Thus xf = Y^,k x a4>f- We can extend this notation to the differential, but 
not to derivatives (because our isomorphism sends d l to d l (independent of (p, 
in a sense) while the operator d l does depend on <p crucially, so this would lead 
to the confusion). Thus dii = J2k dx a (j)f G A*(g) ® A n ^. Now if we commute 
in the image A*(g) ® A n k we get the same commutators as above (j3J), e.g. 
[dxf,xt] = dxi{(j)- l ) s r (g&j#) Thus the theorem [2J£] may be interpreted 
as a realization of the extended algebra of twisted differential forms in terms 
of ordinary differential forms and partial derivatives (allowing infinite series). 



3 Exterior derivative 

3.1. The operator 

d := £ dx k {<p~ l )p : t/(g)B(A*(g) ® S{g*)) -> C/(g)tt(A*( ) ® %*)) 

is called the 0-twisted exterior derivative. It is clear that this operator 
does not depend on the choice of basis. If we realize X 2 3jS X 

t £ A nk then in 

this realization, the abstract d can also be written as 

d = dxity- 1 )^ = dx i& 

k,j j 

but is different from the usual exterior derivative d = Y^kdxkd k - Namely, 
we need to warn the reader that (4>~ r )j = (0 _1 )j((9) is the element of S(g*) 
while d l = d % ► is an operator, not considered here an element of the same 
copy of S(g*). In j5] we defined d l as an operator on U(g). Here it is an 
operator on a bigger space: it agrees with usual d on U(g) while it commutes 
with &* and dxj. We also need to distinguish d and d as d may act on the 
(^-realizations of differential forms. 

3.2. Example. In symmetric ordering (that is, when £ is the symmetrization 
(coexponential) map, cf. [^115] ) 

d (^x ^ x j ^ — £c 1 ij dx <i I x <i dx j I ~2 ^ ] ^ dx 
d(xfxj) = (dxf)Xj + xf(dxj) 
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3.3. Proposition, d preserves the subalgebra A^-(fl) = A*(g)®[/(g) C A*(g)® 
(U(g)$S(g*)) = U(q)$(A*(q) ® S(g*)) generated by all dx t and x i} while d 
preserves the subalgebra A^(g) = A*(g) ® U(g)^ C A*(g) ® A n ,fc; generated 
by all dxf and xf. Of course usual d also preserves the algebra of classical 
differential forms A*(g) ® S(g) generated by dxi and Xj. 

Notice that A^(g) does not depend on the realization <f>, while d does! Of 
course, A^(g) depends on the realization. In our notation £/(g)^ is the <fi- 
realization of U(g) and it is generated by x j, i = 1, . . . , n. 

3.3.1. We say that Aj^(g) is the algebra of [/-twisted differential forms 
and A^(g) the algebra of 0-twisted differential forms. Both may be con- 
sidered subalgebras of the extended algebra of 0-twisted differential forms, or 
equivalently of the "intermediate algebra" f)2.3.ip ; or of A*(g) ® A nk . 

3.4. Theorem, d 2 = 0. 

Proof. Regarding that dxk commute with elements in S(q*), 

d 2 = dxkdxi^- 1 ))®^- 1 ) 1 ^™ = Y J dx j dx m &d m 

k,l,j,m j,m 

is a contraction of the antisymmetric tensor dx^dxi and the symmetric tensor 
E m (0~ 1 )J^(0- 1 )J n 9 m , hence zero. 

3.5. Proposition. The usual Fock space action of A n ^ (and A n ^) on S(g) 
extends to an action of A*(g) ® A Uik on A*(g) ® S(g) tautological in the first 
tensor factor. The 4>-deformed Fock space action of [/(g)JjS'(g*) on U(g) ex- 
tends to an action of the intermediate subalgebra A*(g) ® (S , (g*)(jf/(g)) on its 
subalgebra A*(g) ® U(g) tautological on the subalgebra A*(g) eg) U(g)}. 

In the latter case, keep in mind that the elements in A*(g) commute with the 
elements in S(g*), but the elements in U(g) do not commute with any of the 
two. The cyclic vectors for the two extended Fock spaces are still |0) = ls(s) 
and l(7( g) . 

3.6. Theorem. Let f e A^(g). 

(i) Symbolically (A^(g))*|0) = A*(g) ® S(g). More precisely, the linear map 
sending f e A^(g) to f^\0) sends A^(g) into A*(g) <%>S(g). This projection at 
vacuum in (^-realization is an isomorphism of vector spaces (we asume <f> 
close to identity) with inverse idA*( ) ® £ : A*(g) <g> S(g) — > A*(g) ® U(g). 

(ii) d(dx s f) = —dx s df, and d(dx s f) = —dx s df; 
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(Hi) (d/)|0) = d(f\0)), where d on the right hand side denotes the usual exte- 
rior derivative. 

3.7. Corollary. (Poincare lemma) If f E A^(g) and d(f) = then f = 0. 

This follows from the classical Poincare lemma, the isomorphism in 13.61 (i) 
and the property 13.61 (hi). In fact, one can "tensor this identity with S(g)": if 
df = for / any element in the extended algebra of </>-twisted forms, we also 
have / = 0. Indeed, d is not affecting additional derivatives in the game. 

3.8. (Star product on [/-twisted forms) Using the isomorphism idA*( fl )<8>^0 =: £ 
we can easily extend the star product * =_*</> on S(g) to_an associative product 
on A^(fl) = A*(g)®[/(g) given by f*g = | -1 (|(/)-A^( fl )f(^))- For the deformed 
derivatives d l the following holds ([5]): <9*(£(/) = ^(^(f-kg)). This may 
be used to easily derive 

Proposition. Iff,g G A^( fl ) then d(i(f)£(g)) = i{d{f*g)). 

This identity may probably be used to compare to the approach of [2] to the diff. 
forms for enveloping algebras in the setup of star products (and Drinfel'd twists). 
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